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1. Introduction

The use of quantum systems for information processing was
first introduced by Benioff [1]. In 1985 Deutsch described quantum
computers which exploit the superposition of multi particle states,
thereby achieving massive parallelism [2]. Researchers have also
studied the possibility of solving certain types of problems more
efficiently than can be done on conventional computers [3-5].
These theoretical possibilities have generated significant interest
for experimental realization of quantum computers [6,7]. Several
techniques are being exploited for quantum computing and quan-
tum information processing, including nuclear magnetic resonance
(NMR) [8,9].

NMR has played a leading role for the practical demonstration
of quantum gates and algorithms [8-14]. Most of the NMR
quantum information processing (QIP) experiments have utilized
spin-1/2 systems having indirect spin-spin couplings (scalar ] cou-
plings), known as weakly ] coupled systems. In such systems, sin-
gle qubit gates are obtained by selectively manipulating the qubits
by applying qubit (spin) selective pulses, and multi-qubit gates are
obtained by spin-echo methods [10-14]. Price et al. have given a
systematic procedure for implementing multi-qubit gates [15-
17]. It is interesting to note that, a new class of algorithms, known
as adiabatic algorithms have also been proposed and successfully
implemented in NMR [18-20]. Such algorithms start from a
suitable initial state and by evolution under slowly time varying
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Hamiltonian, reach the desired output state. Recently NMR QIP
has been demonstrated in quadrupolar and dipolar coupled sys-
tems, obtained by orienting the molecules in liquid crystal media
[21,22]. In case of homo nuclear dipolar coupled systems, spins
are often strongly coupled and hence cannot be addressed individ-
ually [23]. However the 2" eigen states of an n-coupled system, are
collectively treated as an n-qubit system [21,23,37]. Similarly for
quadrupolar systems (spin > 1/2), individual spins are treated as
a multi-qubit system [22,24-35]. Resolved resonance lines provide
access to the full Hilbert space of 2" dimension [22,24].
Quadrupolar interaction arises for nuclei with spin > 1/2, result-
ing from the electrostatic interaction between nucleus and electric
charge distributions [39]. In liquids the quadrupolar interaction
which is anisotropic (orientation-dependent), is averaged to zero,
due to rapid isotropic reorientations of the molecules and in rigid
solids one obtains broad lines or powder pattern [39]. In molecules
partially oriented in anisotropic media, like liquid crystals, mole-
cules attain partial orientational order but no translational order,
such that intra molecular anisotropic interactions survive, but are
scaled down by the order parameter of the liquid crystal, yielding
finite number of sharp NMR resonances [40]. In the presence of
strong magnetic field, Zeeman interaction can be assumed to be
much stronger than quadrupolar interaction, as a consequence
quadrupolar Hamiltonian can be truncated by Zeeman Hamilto-
nian [39,40]. The total Hamiltonian consists of Zeeman term
H; = w,l, and a quadrupolar coupling term Hq(= H'Q + HZQ +--1),
where w, = —yB, is the resonance frequency and Hj, is the ith order
quadrupolar Hamiltonian which is inversely proportional to
(i— 1)th power of w,. Under high magnetic fields and reduced
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quadrupolar coupling (by nearly three orders of magnitude) due to
reduced order parameter in a liquid crystal medium, only Hf1
which is independent of w,, contributes to Hq:

H=H; +Hq = H; + H, = wol; + Aq (37 — IP),

2ne?qQ < {1

1
Ao = giar— 14 [2C cos?(a) — 1)+% cos(2a) sinz(/;)b, M

2

where eq and eQ, respectively represent electric field gradient and
nuclear electric quadrupole moment, Aq is the time averaged or
effective quadrupolar coupling constant, « and 8 are determined
by the orientation of the priciple axis frame (PAF) of the molecule
with respect to the laboratory frame z-axis (B, field direction)
[39]. n denotes the anisotropy parameter and is assumed to be zero
for axially symmetric molecules [39]. Thus, under strong magnetic
field, the total Hamiltonian of a quadrupolar nucleus partially ori-
ented in liquid crystal matrix, having axial symmetric electric field
gradient tensor, can be approximated as

2ne?qQ

m5(31‘_3 — 1) = wol, + 27432 — ), (2)

H = wol, +
where S = ((3cos?(x) — 1)/2) is the order parameter at the site of
the nucleus. If the order parameter S is small, the effective quadru-
polar coupling 4 can be of the order of a few kHz in spite of e2qQ
being of the order of several MHz. Thus, it is possible to observe
the satellite transitions due to first order quadrupolar coupling. A
quadrupolar nucleus of spin I, having first order quadrupolar cou-
pling, gives rise to 2I equi-spaced transitions [39,40]. If
(2141) = 2", such a system can be treated as an n-qubit system
[22,24]. The advantage of such systems and the dipolar coupled sys-
tems, over the J-coupled systems, is that the coupling values are one
to two orders of magnitude larger, allowing shorter gate times or
the use of shorter transition selective pulses [22-35]. It may be
noted that, in quadrupolar and strongly dipolar coupled systems,
implementation of single qubit gates, is not straight forward as in
J-coupled systems, since the qubits are not individually addressed.
However, in such systems single qubit gates are implemented by
applying amplitude and phase modulated multi-frequency pulses
[25], or by using strongly modulated pulses (SMPs) which are very
robust and takes only few tens of microseconds [26,36-38]. Infact
SMPs can extend the use of quadrupolar and dipolar coupled sys-
tems for implementing various quantum computing protocols
[26,37,38]. So far quadrupolar systems have been used for, quantum
simulation, preparation of pseudo pure states, implementation of
quantum gates and search algorithms [25-34]. Recently Das et al.
have implemented Cleve version of 2-qubit D] algorithm on a
spin-7/2 nucleus [35]. In all these cases the controlled gates are
implemented by inverting populations between various levels, by
using transition selective = pulses. Recently it has been demon-
strated that non-adiabatic geometric phases can be used for imple-
menting quantum gates [49,50]. Here we use non-adiabatic
geometric phases to implement controlled phase shift gates and
Collins version of D] algorithm on a 3-qubit system obtained by
eight eigen states of a spin-7/2 quadrupolar nucleus oriented in a
liquid crystal medium.

A 50-50 mixture of cesium-pentadecafluoro-octanate and D,0
forms a lyotropic liquid crystal at room temperature [27]. The
schematic energy level diagram of oriented spin-7/2 nucleus is
shown in Fig. 1A. The eight energy levels are labeled as the basis
states of a three qubit system. In the high field approximation,
effective quadrupolar coupling (4) can be considered as a small
perturbation to Zeeman field. Thus for population purposes the
equilibrium density matrix can be considered to be proportional
to H, (Fig. 1A). Partially oriented '33cesium nucleus (I = 7/2) gives
rise to a well resolved seven transitions spectrum at room temper-
atures ranging from 290 to 315 K Fig. 1B. The effective quadrupolar
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Fig. 1. (A) Schematic energy level diagram of a spin-7/2 nucleus, spin states
|7/2,7/2)---|7/2,—7/2) are labeled as eight basis states of a three qubit system,
the dark rectangles represent the equilibrium populations, and the single quantum
transitions are labeled as a, b, ..., g. (B) Equilibrium spectrum of oriented '>*Cs
nucleus (spin-7/2), obtained by a non-selective (r/2), pulse, at a resonance frequ-
ency of 65.59 MHz on a Bruker AV-500 spectrometer at a temperature 307 K. The
distance between successive transitions is equal to the effective quadrupolar cou-
pling (4). The line widths of transitions a, b, ..., g are observed to be in the ratio
3.2:2.3:1.5:1.0:1.5:2.2:3.1 and the integrated experimental intensities are in the
ratio 7.2:12.1:15.1:16:15.1:12.0:7.0 (theoretically expected 7:12:15:16:15:12:7).

coupling (A) changes with temperature, since the order parameter
is a function of temperature. All the experiments have been carried
out here at temperature 307 K, which gives 4 = 6856 Hz. The equi-
librium spectrum is obtained by applying a (z/2), pulse, is shown
in Fig. 1B. The integrated intensities are in the expected ratio
7:12:15:16:15:12:7, as determined by the transition matrix ele-
ments of | (IXO,))U\2 [39,40]. Fluctuation of order parameter (S) leads
to differential line broadening of the transitions, central transition
is independent of orientation (or quadrupoalr coupling term H}l)
hence retains narrow line width [39,40].

2. Non-adiabatic geometric phases and controlled phase shift
gates

Berry’s discovery of geometric phase accompanying cyclic adia-
batic evolution has triggered an immense effects in holonomy ef-
fects in quantum mechanics and has led to many generalizations
[41]. The adiabatic theorem states that if a quantum system with
a time-dependent non-degenerate Hamiltonian H(t) is initially in
nth instantaneous eigenstate of H(0), and if H(t) evolves slowly en-
ough, then the state of the system at time ‘t’ will remain in the nth
instantaneous eigenstate of H(t) [42]. Berry showed that, when a
quantum system is parallel transported adiabatically round a cir-
cuit by varying parameters in its Hamiltonian, then it acquires a
geometric phase factor in addition to the familiar dynamical phase
factor [41]. Simon explained that this geometric phase could be
viewed as a consequence of parallel transport in a curved space
appropriate to the quantum system [42]. Aharonov and Anandan
demonstrated that adiabatic condition can be lifted for cyclic evo-
lution, and the resulting phase is known as non-adiabatic geomet-
ric phase or Aharonov and Anandan phase [43].

In nuclear magnetic resonance, geometric phase was first veri-
fied by Suter et al. [44], in the adiabatic regime. A similar approach
was used by Jones, to implement controlled phase shift gates by
geometric phases in a two qubit system formed by a weak J-cou-
pling [45]. However the adiabatic condition is not satisfied in many
realistic cases because of the long operation time [46]. Hence it is
difficult to experimentally realize quantum computation with adi-
abatic evolutions, particularly for systems having short decoher-
ence time [46]. To overcome this disadvantage, it was proposed
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to use the non-adiabatic cyclic geometric phase to construct quan-
tum gates [46,47]. For a non-adiabatic cyclic evolution, the total
phase difference between the initial and final states, consists of
both geometric and dynamical phases [43,46]. Therefore, to obtain
only the non-adiabatic geometric phase, one has to remove the
dynamical component. Non-adiabatic geometric phase in NMR
was also first verified by Suter et al. [48]. Non-adiabatic geometric
phases in NMR, were used to implement controlled phase shift
gates, Deutsch-Jozsa (DJ) and Grover search algorithms in weakly
J-coupled and strongly dipolar coupled systems [49,50]. In the fol-
lowing we show that, non-adiabatic geometric phases can be ob-
tained by rotating a two level subspace, by means of transition
selective pulses [48-50].

A two level subspace (r,s) forms a fictitious spin-1/2 subspace,
hence the states | r) and | s) can be considered as basis states of a
spin-1/2 nucleus, and can be represented on a Bloch sphere
(Fig. 2)[39,48,50]. The (r,s) subspace can be manipulated by apply-
ing a transition selective pulse on | r)— | s) transition, the unitary
operator of this pulse in the (r,s) subspace is same as that of a
pulse operator associated with spin-1/2 nucleus. In other words,
the unitary operator of a transition selective pulse (TSP) with angle
o and phase ¢, is given by

s s i coso/2
— e—ia(ly cos(d)+1y sin(¢)) _
Ursp =€ <e<

—e =72 sin o /2
i9-7/2) sin o /2

cosa/2
3)

where I’ = I, and I}’ = I, are the angular momentum operators of
the (r,s) subspace. One can cyclically rotate the (r,s) subspace by
applying two = pulses on transition (r,s), with phases (0) and
(0 + n+ ¢) (Fig. 2), the resultant unitary operator, in the (r,s) sub-
space, is given by

u= e—ix(l;s cos(6)+157 sin(0)) | e—iz(l;s cos(0+n-+¢)+17 sin(0+n+¢))
0 _e-i(0-7/2) 0 _@-i(0+¢+n/2)
= @(i0-7/2) 0 "\ gi0+an2) 0 (4)

e 0
“lo ew

Let | r) and | s), respectively represent lower and upper states of
(r,s) subspace, then the effect of u on (r, s) subspace can be written as

uin=u- (o) =e*1n
“|5>:U~<?>:e’i¢|s)

&)

(6+m/2)

Fig. 2. A two level subspace (r,s) is represented on a Bloch sphere. Two = pulses
applied on a transition (r,s) with phases 0 and (0 + = + ¢), cyclically rotates the
states | r) and |s). Solid angle subtended by this closed loop at the center of the
sphere is, 2¢. The phase acquired by the states |r) and |s) is e and e,
respectively.

Thus two = pulses applied on a transition (r,s), cyclically rotates
each of the two states, and introduces phase factors el and e
respectively for | r) and | s) [48-50], where ¢ is half of the solid an-
gle (Q) of the cyclic path at the center of the Bloch sphere (Fig. 2),
¢ = /2. Thus the phase, known as geometric phase, acquired by
the states | r) and |s) is given by e?? and e /2, respectively
[49,50], where the phase difference of el between the states indi-
cate that the two states are traversed in the opposite directions
[48,49]:

ulry=e%?|r

uls)y=el'%?|s)

(6)

It is possible to obtain various solid angles, hence various geo-
metric phases, by shifting the phases of the two n pulses with re-
spect to each other (Fig. 2) [49,50].

However the internal Hamiltonian evolves during the applica-
tion of the selective pulses, and gives rise to an additional phase
known as dynamical phase. In order to observe only the geometric
phase, one has to refocus the evolution of internal Hamiltonian. As
shown in Eq. (2), the Hamiltonian consists of a Larmor frequency
term and a quadrupolar coupling term. The Larmor frequency is
identical to the frequency of central transition ‘d’. The transmitter
and receiver frequencies are set at frequency of transition ‘d’
(Fig. 1A), hence there is no evolution in the rotating frame due to
the Larmor frequency term. Thus the evolution of internal Hamil-
tonian, during the pulse of duration t, is a diagonal matrix, given
by

UH — e—lHQtp — diag[eIZnAZI tp , e121rA3tp , e—121r/19tp , e—lZn/ﬂStp , e—121r/115tp7

e 2% @i2nddty ei2nd2ity) )

From Eq. (7), it is evident that the quadrupolar evolution can be
refocused by choosing the value of t, as t, = n/4, where ‘n’ is an
integer. The selective pulses and multi-frequency pulses used in
this work, are obtained by suitably phase modulating the on-reso-
nance Gaussian pulse with 5000 digitized points. The duration of
the pulse is chosen as 1.425 ms (=~ 1/4).

The phase information can be encoded in the coherences, hence
in order to observe the phases the initial state should contain the
coherences, which is obtained by applying a non-selective (r/2),
pulse on equilibrium state. Fig. 3a shows the implementation of
controlled phase shift gate, represented by the diagonal matrix
Ul 4 = diag[1,1,-1,-1,1,1,1,1], obtained by applying two selec-
tive = pulses on transition (3,4), with phasesy and (y + = + =) = y.
The two states | 010) and | 011) acquire = phase shift so the tran-
sitions ‘b’ and ‘d’ are inverted, confirming the phase gate. since the
phases of two = pulses are same, it is possible to combine the two =
pulses in to a single 2z pulse. Such pulses are used in Section 3.1.

T

T T
0e+00 Hz

T T T

2e+04 2e+04 0e+00 Hz
Fig. 3. Implementation of controlled phase shift gates (a) Uf, = diag[1,1,-1,
-1,1,1,1,1] and (b) U}* = diag[e”’,1,1,1,1,1,1,1], preceded by a hard (/2),
pulse. Uf; 4 is implemented by applying two (z), pulses on transition c. U?”z is
implemented by applying four multi-frequency = pulses (Eq. (10)).
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In some quantum computing protocols (for example Grover
search algorithm and quantum Fourier transform) one requires a
phase gate such as U,‘f (Table 1), which creates the relative phase
el at kth state, for example U? = [1,1,1,1,1,1,1,e'*]. Such phase
gates can be implemented by sandwiching various phase gates
uﬁj), as shown in Table 1. u;‘:_j) indicates the geometric phase shift
gate obtained by applying a pair of selective = pulses on a transi-
tion (i,j) with phases y and (y + = + ¢), thus the diagonal elements
corresponding to i and j states acquire a phase shift el* and e
respectively. For example, uf{5 = diagle!’/s,e7%/8,1,1,1,1,1,1],
which can be obtained by applying two selective = pulse on transi-
tion (1,2) with phases y and (y + = + ¢/8).

The method of constructing controlled phase shift gates (Table
1), is explained here. For example, consider a system consisting
of N energy levels and (N — 1) single quantum transitions between
the levels (1, 2), (2, 3), ...(N — 1,N), as shown in Fig. 4. In this sys-
tem, the controlled phase shift gate U;f = diag[1y, 12,.. ., (e/),,

., 1y], can be implemented by sandwiching (N — 1) phase shift

gates, as
¢ _ 4,~¢/N, —2¢/N —(k=1)¢/N  (N—k)-¢/N
Up =ugyUpsy —————" Uty Yikekr)
(N=(k+1))-¢/N ¢/N
Upithry ~—————— UN-1N) (8)
= (e‘i‘/’/N) . dlag[h 1,,..., (ei‘/’)k, ey 1N}

In Eq. (8) the overall (or) global phase factor e-/N, has no phys-
ical significance since global phase is not an NMR observable quan-
tity [39]. In NMR, each transition corresponding to a pair of eigen

Table 1

Unitary operators of controlled-¢ phase shifted gates with an overall phase factor
e-io/8

Ug(k=1,2,....8)
—di i — 7918 1 30/4 Se/8 92 1 30/8 b/4  44/8
=diagle',1,1,1,1,1,1,1) = wP3 - ulgls - wedd - ulfs - w5 - ufls - uffy)

¢ _ i iv /8 30/456/8 /2 3¢/8 /4 /8
U5 =diag[1,e,1,1,1,1,1,1] = Uy U5y Ul gy - Uss) Use Ues)  Ug)

u? 9 i /8 ¢4 L 56/8  ¢/2 3¢/8 . ¢/4 ¢/8
U4 = diag[1,1,€'%,1,1,1,1,1] =ug’y U3y Uy Uls) Uise Uy Urs)

b ¢/8 L —¢/4 . —30/8 . /2 3¢/8 /4 $/8
U3 = diag[1,1,1,e¥,1,1,1, Al =uysl ugy ugy - uGs Use Uy Ulrs)

’ /4 30/8 02 34/8 /4
UZ = diag(1,1.1,1,e%.1,1,1] = uyy’ -upft - udd® ul il - ulls uls
¢ _ _ —¢/4 ,-3¢/8 —¢/4 5¢/8 0/4  4/8
U =diag[1,1,1,1,1,€%,1,1) = uy™P gt uds® - u Lt u - ufls)  ulfy,
¢ _ b 1] = 98 /A 3918 92 58 =64/8  4/8
Uy =diag[1,1,1,1,1,1,e%, 1] = u %) - u ' - ugd” - uglss - uss” Ugs Uiy
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Fig. 4. Schematic energy level diagram of an N-level system. The arrows represent
single quantum transitions.

states, reflects the phase difference between those states. If all
the states have a common phase factor then it will not be reflected
in the spectrum. Hence in NMR quantum computing, the unitary
operators which differ by an overall phase factor, are considered
to be identical [14].

In Eq. (8), by putting N = 8 one can obtain any of the UZ’ shown
in Table 1. In Table 1, each of the operators, UZ’, requires seven pairs
of selective = pulses, where each pair of pulses will act on a single
transition. However the = pulses on unconnected transitions can be
applied simultaneously. Hence one can simultaneously implement
Ua2), Uaa), Use), Uz by using a pair of multi-frequency (MF)
pulses, similarly 1 3), U4s), Ue7) can be implemented by using an-
other pair of multi-frequency pulses. For example U¢ can be imple-
mented by using seven geometric phase shift gates (Table 1),
obtained by using two pairs of multi-frequency = pulses, as de-
scribed below:

¢ _ . 79/8 3¢/4 . 50/8 . /2 3¢/8 . ¢/4 /8
Uy = Uqo) " Up3z) "Uga) "Uas) Use) Uz " Uas) %)

The unitary operators of phase shift gates correspond to diagonal
matrices which commute with each other, hence U{ of Eq. (9) can
be rewritten as

Ut = { i) - i) - [wiee]] - w83}
{[wast] - [ - (3]}
{[( ”)y+n+7¢/8] : [(ﬂ);(ﬂ);ﬂmd)w} : [(ﬂ);(”);+n+3¢/8]
[(ﬂ n)y+n+¢/8]}

d,_\d J (N
{{ y+n+3(/)/4] . [(n)y(n)y+n+<p/2:| : {(n)y(n)y«#n«#d)/ll]}
( ceg a ceg
3 y+n+7¢/8) (V+7n+54/8),(y+n+3¢/8),(y+n+¢/8)
bdf bd
{ { (y+n+3¢/4) (y+n+¢/2) (y+n+d;/4)} } (10)

The = pulses acting on unconnected transitions, a, ¢, e and g (Eq.
(10)), can be combined (added) in to a single pulse, since the oper-
ators of the subspaces corresponding to these transitions
Iffoj) 13‘” 156 and I)Zys [39,50], commute with each other. Similarly
one can combme the (r) pulses acting unconnected transitions b, d
and f (Eq. (10)). Fig. 3b shows the spectrum obtained by a (n/2),
pulse followed by the implementation of U?(¢ = n/2) using four

MF-r pulses (Eq. (10)), the state | 000) hence the transition ‘a’ ac-
quires a /2 phase shift, confirms U’{/Z.

3. Collins version of DJ algorithm

An n-bit binary string (x) has 2" possible input states,
=(000---0),,...,(111--- 1),. Consider a function ‘f which takes
‘n’ input bits and returns one output bit, that is f(x) = 0 or 1. Fur-
ther more, it is told that the function ‘f is either constant or bal-
anced; when ‘f is constant, f(x) = 0 or 1 for all the input states,
whereas if ‘fis balanced then f(x) = 0 for half of the input states
and f(x) = 1 for the remaining half. Classically one has to evaluate
f(x) for each of the input states separately. As soon as function re-
turns ‘0’ for some inputs and ‘1’ for other inputs, it is certainly a
balanced function. However, if the output is still the same after try-
ing 2"/2 different input states, the function ‘f might be still bal-
anced, even though most likely it is constant. Only when
(2"/2 + 1) input states produce the same output, you can be sure
that ‘f is balanced. Thus in the worst case, one requires
(2"/2 + 1) queries [6].
On the other hand, the Deutsch-Jozsa (D]) algorithm can evalu-
ate the function, simultaneously for all 2" input states and thus it
requires only one query to determine the nature of the function



172 T. Gopinath, A. Kumar/Journal of Magnetic Resonance 193 (2008) 168-176

[3,6,51]. The Cleve version of the DJ algorithm requires an extra qu-
bit, thus for an n-bit function one requires (n + 1) qubit system
with initial state, ;, =| 0;02---0,) | 1,1). The algorithm consists
of four steps [6,51];(1) creation of superposition state of all the in-
put states by applying Hadamard gates on all the qubits, (2) imple-
mentation of the oracle, (3) converting the resultant state in to one
of the basis states with Hadamard gate on first n qubits [51], (4)
measurement of final state of first ‘n” qubits. For constant function,
the final state of each of the n qubits is | 0), whereas for balanced
function, atleast one of the ‘n’ qubits is in state | 1). The first and
third steps require Hadamard gates, whereas the second step,
implementation of oracle, require controlled not gates. Collins ver-
sion of DJ algorithm is same as Cleave’s version, except that it uses
only ‘n’ input qubits for an n-bit function, and oracle requires con-
trolled phase shift gates [52].

In NMR the final state of this algorithm (both Cleave and Collins
version) corresponds to longitudinal magnetization (populations),
hence qubit selective (r/2), pulses are required for the measure-
ment, these pulses cancel the (n/2) , pulses required for the sec-
ond set of Hadamard gates (step 3). It was showed that the
phase sensitive spectrum recorded immediately after the oracle
implementation, can distinguish constant and balanced functions
[11,31,35]. Thus the implementation of D] algorithm on an NMR
QC, can be simplified to the following steps: (1) creation of super-
position state of all the input states, (2) implementation of the ora-
cle, (3) detection. In this approach, the final state corresponds to a
coherent superposition of all the basis states, and the phase sensi-
tive detection of single quantum coherences can reveal the nature
of the function that is encoded in the oracle operator.

[0>— Pseudo [— Controlled

Hadamard phase shift D .
[ 0> — gate — gate | etection
[ 0> — h — U —

Fig. 5. Quantum circuit for Collins version of DJ algorithm on a three qubit system.

a b

For a three qubit system there are 2 constant and 70 (cy , = ¢§)
balanced functions [52,53]. The quantum circuit of the Collins ver-
sion of the DJ algorithm is shown in Fig. 5. The algorithm starts
with a pure state (pseudo pure state in NMR) | 000) which is
converted to a superposition state of eight basis states
|000),/001),...,| 111), by applying a pseudo Hadamard gate
on all the three qubits. Thereafter a unitary operator U (oracle) is
applied, followed by detection. The unitary operators (U) of the
oracle, are eight dimensional diagonal matrices. For two constant
functions, U’s are given by

Uq =1 (unit matrix) and

11
UCZ:diag[_]7_17_17_17_]7_]7_]7_]]:(_1)'1 ( )

For balanced functions, we define the unitary operator as
U(1,k,I;m), which means that each of the four diagonal
elements 1,k, I, and m are equal to e or e ' (=—1), whereas the
remaining four diagonal elements are 1. For example
U(1,2,3,4) =diag[-1,-1,—-1,-1,1,1,1,1]. The unitary operators
of 35 balanced functions can be written as

ULk Lm) = [= [ 1)1 [ = [Ryk [ = [ D] = [m)m ]I,

where k<l<mk=2,3,....6l>k+1,andm > 1+1 (12)

The unitary operators of the remaining 35 balanced functions
are identical to one of the operators of Eq. (12), up to an overall
phase factor e'” [53]. Here we implement the unitary operators cor-
responding to 11 of the 35 balanced functions (Eq. (12)) and one
constant function (Uc).

3.1. Experimental implementation

3.1.1. Preparation of pseudo pure state (PPS) | 000)

A multi-frequency pulse with six harmonics with appropriate
amplitudes was applied. The six harmonics are the frequencies of
the six leftmost transitions b, c, . .., g of Fig. 1B. Under the influence
of this pulse, the populations of all the states except | 000), start a
collective population transfer among them as a linear chain of cou-

A A

EEE ————

T
2e+04
AN

T T T T
le+04 0e+00 le+04 2e+04 Hz

-

T
2e+04

T T T T
le+04 0e+00 le+04 2e+04 Hz

Fig. 6. (a) Population distribution of | 000) PPS obtained by applying an amplitude modulated multi-frequency pulse (explained in text) on transitions b, c, d, e, f, and g at
equilibrium state. (b) Spectrum of | 000) PPS obtained by applying a non-selective 5° pulse with 32 scans. (c) Coherent superposition state (Eqgs. (13) and (14)) obtained by
applying a (r/2), pulse on | 000) PPS. The intensities are in accordance with Eq. (13), which is different from equilibrium intensities of Fig. 1. Experimental integrated
intensities are in the ratio 10:48:101:140:100:46:8, while the expected theoretical intensities are in the ratio 7:42:105:140:105:42:7. The intensities here represent unequal

superposition of basis states.
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pled oscillators [8,14,27]. Choosing the correct amplitudes of vari-
ous harmonics and duration of the pulse, these six transitions can
be simultaneously saturated with average population of these se-
ven levels. The relative amplitudes of the six harmonics b, c, ...,
and g are respectively given by 0.84, 0.93, 1, 1.03, 1.04 and 1.07
[35]. The duration of the pulse is 2.05 ms. A gradient pulse was ap-
plied subsequently to kill (dephase) the coherences created during
the process. The final populations were measured using a non-
selective small-angle (5°) pulse. The small-angle pulse, converts
the population differences between adjacent energy levels into sin-
gle quantum transitions, within linear approximation. The spec-
trum of Fig. 6b confirms the preparation of | 000) pseudopure
state.

3.1.2. Coherent superposition

After the creation of | 000) PPS, a pseudo Hadamard gate (h)
has to be applied for creating a superposition of 8 basis states.
In weakly coupled spins-1/2 nuclei, ‘h’ is implemented by a hard
(n/2), pulse which creates an equal superposition. In the present
case the hard (n/2), pulse creates an unequal superposition state,
since the coefficients of various eigenstates are different. In other
words, the unitary operator of a hard (=/2), is not same as that of
a weekly coupled three qubit system. However, as is shown here,
the created coherent superposition can be utilized for quantum
parallelism, to distinguish different classes of functions. The state
of the system after a (r/2), pulse on |000) PPS, is given by

| ) = (e”).| 000) :81—2[\ 000) +v7]001) ++v21|010)

7
+v35[011)++v35]100) +v21[101)++v7|110)
+|111>]:81ﬁ[\1>+ﬁ|2>+\/ﬁ\3>+\/ﬁ\4>
+V3515)+v21|6) + V7 | 7)+ | 8)] (13)

The corresponding density matrix can be written as

1) 2) I3)

1 vl ova
7 V147

V21 | V/147 21
) (] 1 V35 V245 |V/T735

g = N\ = ==

128 V35 V245 /735

V21 /147 21
VT 7 V147
1 V7 V21

where the elements within the boxes represent single quantum
transitions a, b, ..., g. Fig. 6¢c shows the spectrum of | ), where
the intensities of transitions are obtained by modulus of the product
of single quantum elements of Eq. (14), with corresponding matrix
elements of I,. The intensities in Fig. 6¢ are different from equilib-
rium intensities, and represent the coherent superposition of the
basis states.

3.1.3. Implementation of U
For constant function U = U, = I (unit matrix), which requires
no pulse, thus the final state y, is given by

[We) =Ua [ ) =] ¥)

As mentioned in Section 2, the controlled phase shift gate Uf;; can
be achieved by applying two (=) pulses with same phase on transi-
tion (i,j), which can be combined in to a single (2x) pulse. For bal-
ance functions, U = U(1,k,I,m) (Eq. (12)), can be decomposed in to

(15)

Table 2
Unitary operators of balanced functions (Eq. (12)) and corresponding pulse sequences,
consisting of 2z pulses, where all the pulses are applied with phase ‘y’

u(1,k,I,m) Pulse sequence
U, 2, 3, 4) @m)%e
U(1,23,7) (2m)*¢€ (2m)
U(1,2, 4, 6) 2n)*42n)¢
Uu(1,2,5,6) (2m)*¢
U(1,2,6,7) @n)*
U(1,3,4,5) (2n)*4(2m)°
U(1,3,4,8) (2n)%4 (2m)bee
Uu(1,3,5,8) (2n)*¢& (2m)bf
U(1,3,7,8) (2n)*8 (2m)°
U(1,4,5,8) (@2m)tct 2m)P!
U(1,4,78) (2n)*“(2m)°
Uu(1,5,7,8) (2n)%& (2m)bd
U(1,23,5) 2n)*¢ 2m)?
Uu(,2,3,8) 2n)*<e&(2m) %
U(1,2,4,7) @n)*4 2m)°
Uu(1,2,5,7) 2n)%¢(2n)
U(1,2,6,8) @n)* (2n)®
U(1,3,4,6) @m)*2m)
U(1,3,5,6) (27)*¢(2m)°
U(1,3,6,7) @n)* (27)°
U(1,4,5,6) (2m)*€(2m)°
U(1,4,6,7) (2n)* (27)°
u,5,6,7) (@n)*/ (2m)*
U(1,6,7 8) (2n)*<¢& (2m)bd
U(1,2,3,6) (2m)*¢(2n)?
U(1,2, 4,5) @n)*d
U(1,2, 4, 8) 2n)*4 2m)°E
U(1,2,5,8) 2n)*¢& 2y
U(1,2,78) (2n)*8
U(1,3,4,7) @2m)*Y 2m)Pe
Uu(,3,5,7) 2m)*€(2n)>
U(1,3,6,8) @n)* 2n)PE
U(1,4,5,7) (2n)*€(2m)>f
U(1,46,8) 2n)* (2m)>E
U(1,5,6,8) 2n)*/ (2m)P4e

|4) I5) |6) 7 18)
V35 V35 V21 VT 1\
V245 V245 V147 7 VT | 12)
VT35 V735 21 V14T V21| 13)

35 V245 V4T V35 | |4) (14)
B5] 35 [v735| VIAT V35| I)

735 |V735| 21 VI4T| V21 | |6)
V245 /245 7 E [7)

% VB VA VI 1))

ULk, Lm) = ufy g - Uy,

=[uf ) UGl UGty Ul w2 Uine1m) (16)

In Eq. (16), uf;,, and uf,, are implemented by applying two

(2n), pulses on transitions (1,k) and (Im) respectively, if (1,k)
and (I,m) does not correspond to single quantum transitions, then
they can be decomposed in to a series of single quantum transi-
tions, as shown in the second equality of Eq. (16), for example

U(1,2,3,4) = ufy, - U4 = 2m)* - (2n)
U(1,4,5,8) = ufy 4) - Ufs g) = [U{12)-UD3) - U 4))-[Uls6) - Uls7) - U]
=20 20" 207 [(27)° - 21 - 2n))
— (2r)*ces . Q)
(17)
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where in the last equality of Eq. (17), the pulses acting on uncon-
nected transitions (Fig. 1) are combined in to a single MF pulse.
The required pulses for various U(1,k,I,m) of Eq. (12) are given in
Table 2, the 2z pulses acting on unconnected transitions, are com-
bined in to a single multi-frequency (MF) 2z pulse. The duration
of each transition selective pulse, is set such that the evolution
due to quadrupolar coupling, makes a complete 2z rotation. It is
to be noted that, in Eq. (17) and Table 2, one can use any phase
for (2=) pulses, we have used ‘y’ phase for all the pulses. The final
state | Y ;) 1S given by

[ Vrgim) = U1k, Lm) | ) (18)

It can be seen that | y; 4, ,,) is same as | y), except that the basis
states | 1), | k), | ) and | m) acquire a phase factor e (=—1)

3.1.4. Detection

The single quantum transitions (a, b, g) of the final states (Eq.
(15),(18)) are detected. Fig. 7 shows the spectrum of | y.,) and var-
ious | Y ;). From the shape of the spectrum one can conclude,

whether the final state represents a constant (or) a balanced func-
tion. For constant function (| y,)) none of the peaks are inverted,
whereas for balanced functions (| y,)) atleast one of the peaks
is inverted. Furthermore the phases of transitions confirm the final
state | 4 n). For example in the spectrum of | ¥, ; 3 4), transition d
is negative since the phase difference between the states | 4) and
| 5) is ei*, while all others have zero phase difference, similarly
one can confirm the other states.

It is to be noted that, though the final state (Eq. (18)) contains
single and multiple quantum coherences, the nature of the func-
tion encoded in the unitary operator (U) of the oracle, is deter-
mined by phase sensitive spectra of single quantum coherences.
Thus for implementing DJ algorithm in NMR QG, it is sufficient to
have the initial state containing only single quantum coherences,
which can be obtained by applying a (z/2) pulse on an equilibrium
state [54]. Infact, it has been shown that, the thermal initial states
are sufficient to implement some algorithms of interest [55-57].
However the implementation of DJ algorithm using coherent
superposition state, demonstrate the coherent control of a
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Fig. 7. Implementation of Collins version of 3-qubit DJ algorithm (Fig. 5). Spectrum of ., which corresponds to a constant function U = I. Spectra of  ,, (Eq. (18)) which
correspond to balanced functions U(1, k,I,m) (Eq. (12)). The required MF pulses for implementing U(1, k, I, m) are given in Table 2. The duration of each MF pulse is 1.425 ms.

Each spectrum is recorded in 4 scans.
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superposition state, which will be helpful in extending the use of
these systems for other quantum algorithms.

4. Conclusions

Demonstration of quantum computing protocols on various
NMR systems, is a promising research area for increasing number
of qubits. In this work controlled phase shift gates are imple-
mented on a oriented spin-7/2 nucleus, using non-adiabatic geo-
metric phases obtained by using selective pulses on single
quantum transitions. It is also demonstrated here that in an N level
system, one can implement a controlled phase shift gate by sand-
wiching various geometric phase shift gates, this method can also
be applied to weakly as well as strongly coupled spin-1/2 systems.
The number of selective pulses are reduced by using multi-fre-
quency (MF) pulses. Collins version of 3-qubit DJ algorithm is
implemented, where the eight basis states are collectively treated
as a three qubit system. The required controlled phase shift gates
of the algorithm, are implemented by using MF-(2zn) pulses.
Though it is difficult to scale the quadrupolar systems for higher
number of qubits, the implementation of QIP on these systems, will
be helpful in extending their applicability in larger spin networks
where quadrupolar nuclei are coupled to spin-1/2 nuclei.
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